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1. Introduction.

In paper [1] it was shown, that if to illuminate a target by a pair of coherent
emitters, the total reflected energy is proportional with the Fourier — component of the
target’s image on spatial frequency, proportional with position vector between emitters.
Using many emitters located as a square matrix, and measuring a total reflected energy
from each pair, it is possible to receive a good many the Fourier — components and by
inverse Fourier transform to restore the image of the target. In the same paper the
method of phase closure was offered to eliminate unknowns initial phases of emitters
and to save the problem of their phasing. This method of imaging of remote objects
was named Fourier -telescopy. In further papers [2-6] this method was more deeply
studied and was perfected. However there was a series of the not solved problems rather
essential to understanding of the Fourier - telescopy method. It is following problems:

As the total reflected energy cannot be received, what happens at reception of a
part of reflected energy, what requirements to a size of the receiving aperture?

How does one optimally arrange emitters, that it was possible to implement a
method of phase closure and to receive the greatest number the Fourier - components
at minimum number of emitters?

How do a partial coherence, frequency drift and not stability of
illumination have influence on Fourier-telescopy process. ,

What quality the image may be obtained by the Fourier - telescopy, what 1is its

contrast, speckle structure, resolution of details?



These problems are investigated in the present paper and the some answers are

obtained.

2. Statistical model of a field in the Fourier — telescopy including micro

roughness of object.

In the present section there is calculated the field on the receiving

aperture. It is taken into account relief and micro roughness of the surface of the

object.
Let emitters are located in points Py ,P1 ..., P y - Let's designate:

-

R

digitize a position vector 75, of surface X;

is the position vector of some central point of the target, from which we

R . . . :
is the unit vector of a direction on target, ¢ =—n  is the unit vector

=

of the direction from target on receiving - transmitting position (fig. 1). The field

of the n —th emitter in a point 75 of surface of the target is equal

ike—ik|ﬁ+7z |

u,(ry,io) ~ R g, (Vy)u, (in),

where g,(Vy)= J‘e_ikvz‘3 A,(p)dp is a directivity diagram of an emitter,

At
o . . _R+F .
A, (p) is the field in aperture of an emitter, Vy = |_,— is the unit vector of
R+ 7:‘

a direction in a point 7; of surface of the target, u,(i®) is a spectrum of a
signal, emitted by # —th emitter. The composite field of all emitters is equal

N N ike—ik\kﬁ,: P
u,(7,io)~ 2.1)

=0 2nR
Further we suppose, that all emitters are focussed on the target and consequently

g, (Vx)u, (i0).

the directivity diagrams g, (Vy) are identical: g,(Vy)=g(Vy).



The field (2.1) is reflected by extended object with surface X, on which

the coefficient of reflectivity K (7 ) is distributed. The reflected field in a point

p of the receiving aperture is equal:

.. 1 € - - -
ty (7,10) = [ (@)K (), i, 1) 22)
r

where 7iy is the unit vector of a normal line to surface of the target in a point Ty .
Substituting (2.1) in (2.2), we obtain:

—ik|p-R—Fy |-ik|R+7g |

.. kN1 e
ur(pslm)z(;_n) EZOI R2 %
n=0g
x (grig ) K (75)g(Vy u, (io)dE . (2.3)

The obtained formula is assume for further reviewing.
We use model of a rough surface as enough smooth underlying surface, on

which the roughnesses are overlapped:
7o =7 + NE(F), (2.4)

where 7y is a position vector of rough surface, ¥ is a position vector of

—

underlying surface, N is a unit vector of a normal line to underlying surface,

E(F) is height of roughness above underlying surface (fig. 2). We suppose,

that the field (7) represents homogeneous on a underlying surface random field

with zero expectation and correlation function &(7)E(7)= B(#,7%). The
homogeneity means, that B(A,7;) = B(l (i_‘i,i_"z)), where [(7},7,) is a distance
between points 7, 7, on a underlying surface.

Let’s substitute (2.4) in (2.3) and use paraxial approximation, taking into
account, that R >>p, r, p,,, i.e. sizes of target, matrixes of emitters and receiving
aperture are small in comparison with distance up to the target. Received field in

point p of receiving aperture can be noted as:



= = 12 = =
|7"J_ pn! +|p r_]_| +21k(pq+p,,q+r -N &("))

- . —ZWR 2R
u (p,l(D) = e _ X
’ 2}31&2 ,;)SI
G (7
X [1 - ?\E( )jK(F)g(%qudS u, (in), (2.5)
q

where 7, =GF, P, =GP, Pnq=9P, are  projections of vectors
7, P, P, ondirection g,

7| =7 —q(g7) is perpendicularto § component of vector 7,

V E(7)=GVEF), VEF) =P ‘)é(r) 03(7 ) v are local orthogonal
v

coordinates on a underlying surface in an environ to a point 7, i,V are basis

vectors of coordinate axises.

In a temporal aspect the field (2.5) is look like:
u,(3,6)~2Re  [u,(p,iv)e™ do =2Ree U(,1),
0o tA®

where the complex amplitude of received field is equal

- - 12 | =
sl LBl P il £2k{p g +p g +7, =N E(F))

U, =~ 273R2 R nZ%) Sje 2R x
x(l— é('ﬂ)}K( )g ( )U{t— 2R _ 2(p " Png 7 )]N ds. (2.6)
Nq R C c

Here U, (t) is complex envelope of a signal illuminated by 7 —th emitter. As
it is slow function, we have neglected delays on rather small times
- - |2 -~ =2 - -

FL=Bal +[p-7|” |, 2N, () 20, +Prg)

. The delays on times —————— vanish,

2Rc c c

if the target is on a vertical (we consider the emitters are located in a horizontal

plane). However, if the target is not on a vertical, there are additional increments of

optical path from different emitters up to the target and from the target up to



different points of the receiving aperture at the inclination of a sighting line. Let's

while suppose signals of emitters high-stable to neglect delays complex envelope

2Py +Pug +7,)

. Conseqliently, we have:

on times

c
e =P ’;;"3 Al ik, +p g +1,~N,E(P))
U, (p,0)~ 7\,2 ~e ZU (t)je x
\%
x|1- 45 )JK() ( )N ds, (2.7)
Ng
, R
Where ¢ =1 ——.
c

3. Reception and processing of a reflected field.

In the present section the reception and processing of a field U, (p,?)

(2.7), ended by deriving of input data for elimination of unknowns of phases by the

phase closure method, deriving the Fourier — components and forming the image is
considered. We presume, that the amplitudes U, (¢) in (2.7) have personal

A® , .
20! all differences Aw, —Aw,, are

frequency coloring: U, (¢#) = U, (¢)e
various, also bandwidth of signals U,() Ao <<|Aw, —A®,|. The field
U,(p,t) transits an optical filter, is detected, after detected signal transits a
system of filters tuned on frequencies A®, — A®,,, and after phase detector we
obtain primary signals X, (¢).

In [10] the problem of choice of frequencies A®,, surveyed, that all

differences A®, —Aw,,, n,m=0...N, were various. For basis takes minimum




discrete A® and the frequencies are searched as: Aw,, =c(m)A®. For

N =30, for example, the following outcomes are obtained:

Table 1.

m 0123|4567 (8|9 |10(11 (12|13 14 |15
c(m)|011[3(7|12|20(30[44|59|75[96 118 {143 169 197|230

m |16 |17 |18 [ 19 | 20 | 21 |22 | 23 |24 | 25 |26 |27 | 28 | 29| 30
c(m) | 264 | 299 | 335 | 373 | 413 | 455 | 501 | 549 | 598 | 648 | 701 | 758 | 818 | 880 | 944

For approximated estimations it is possible to note, that ¢(7m1) ~ m?.
In outcome of photo detecting the receiver measures power of a field (2.7)

passed over the receiving aperture A :

2 2
. Pm—Pn .
©, —Ao ) -tk —"—"+2ik (P g —Pmg )
P(z‘)~%4R4 ZU U (¢ )e 2R M (3

m,n=1

k’fl ﬂzi k(Pmm—Panz)
) X ”e R ulfy -

7_"]_2 )eZik[(rql—qug(;‘i))_(qu_ q2§(;2))] X

O O

N, N,, 1
G TLP
where u(v,) = '[ e R dp (3.2)

isa point spread function of the aperture 4.
Passing the signal (3.1) through a system of filters, tuned on frequencies

Ao,, —A®, and realizing phase detection, we can separately select complex

amplitudes

2 2
N k2P ik (D gn —P gm)
X,,»)=U,"U,t)e 2R F,,. (3.3)

lk’u ﬁz (5mFJ_1_5nFJ.2)

where J. _[6 R ulFy — 7, )%
S_L SJ_




_V,E(R) 1_Vq§(72) o2 (rql—qutj,(?l))—(rqz—NqZE_,(FZ))]x

X1
qu qu_
ok r « 719
x K(r)K (”2)8(‘?] (}Le )d’lld”u (3.4)

Here is used N, dS=dr|, and S| is silhouette of the target in a plane 7|
(perpendicular target sighting line).
The signals X, (f) are result of primary processing of a field. The

further transformations are bound with digitization of signals X, (f) and

computer processing. A first step is the procedure of phase closure and elimination

2_ 2
' % /.4 _ik"pm7Rp_n’+2ik(pnq —pmq ) L.
of factors U, (U, (t")e , containing unknowns phases. In

outcome the magnitudes F,, (3.4) will be chosen in the pure state. The first idea

of the Fourier - telescopy encompassed that the magnitudes F,,, are the Fourier —

components of the image of the target. In particular, it takes place at the rather
large receiving aperture. However from the formula (3.4) is not seen immediately
Fourier transforms and image of the target. Therefore principal problem is the study
of requirements, when (3.4) transmutes in a Fourier transform of some image and

study of properties of this image.

4. Case of the rather large receiving aperture.
The idea of the Fourier — telescopy method consists that at the very large

receiving aperture 4

2
- 27R I,
u(’u"lz)“(—"“k ) O(Fy —713)- (4.1)

Thus is gave:

. =)2R2 je e ;nm {1- VqS( )J

S, N,




— }“ZRZF*Kk(ﬁmR_ ﬁn)j’ 4.2)

ie. F,, thereisa Fourier transform of function

0

. The function I;(7| ) is some optical image of

V,EF)) 2

N,

- KBS -5
on frequency f, = _mm—Rpﬂ..).

LFE)=|1- K@) , 4.3)

2 . .
, Intensity

the target. This image depends on a reflection factor |K 7)
F_L
g(R)

2
} . Due to dependence from micro roughness &(7) this image is

2

illumination , and from geometry of a surface of the target

b_vgﬁ>
q

random, that should be exhibited in it spekleness. However this dependence is faint,

as it is usual a steepness of micro roughnesses are small enough, and

V&) V,5(7)
N

, we shall receive:

0

This image does not depend at all on geometry of a surface of the target.

<< 1. Neglecting
q q
2

L) =KF) (4.4)

Let’s clarify now as far as be great the aperture A owes, that
u(i’]_l - FJ_Z) it was possible to consider & — figurative in relation to function

under the sign of integral in (3.4). Let's mark, that length of the spike of

- AR
function u(rj_l - rJ_Z) has the order \/_j’ where /A — diameter of the

receiving aperture.. Most quickly changed factor under an integral (3.4) is

2ik|(r,, - 7))-r g =N, E(F
e lk[(rql qué(rl)) (rqz ng(rZ))]. That this function did not vary on an length




P |
~ L, it is necessary to have /A >> kR, A >> keR, where kg, k; are

J4

characteristic steepness of a underlying surface and, accordingly, of micro

roughness. At characteristic steepness of roughness about 0.1 [7] it reduces in silly

large values of diameter of the receiving aperture (at R ~10 km VA >>1 km;

At R ~ 40000 km (geosynchronous objects) VA >> 4000 km). 1t is put under

doubt practical reliability of the Fourier - telescopy. However essential role in
estimation can play providing for influence of micro roughness of object’s
surface.
5. Consideration of deriving of distortionless Fourier coefficients of the micro
rough target image.
Generally, as was already marked, the quantities [, are not the Fourier

coefficients of any target image , and have a complex form (3.4). As into the formula
(3.4) go into a micro unevenness &(7), quantities F,,,, are random. Therefore it is
necessary to study statistical properties of quantities f,, and td clarify, when they
become look like the Fourier coefficients of a image of the target, and which image.
Let’s calculate statistical characteristics of quantities F},, (3.4), suggesting
E(F) by a homogeneous field on underlying surface. Let's mark, that for such field

E(7) and V&(7) independent. Therefore

2 .2 .
ryW-r Fi1—Pat
T +ik(Pm 11-Pn’12)

<an>= _[ Ie K K u(FLI”FJ_z)X
S S1
[1 i vq&@J[l ) vqa@)J <ez,-k[(rql vy g(m)_(rqz_N;,zwz))]> )
N, gl N, g2

-

‘ - * ¥ x( ¥ —_ —
x K(A)K (rz)g(#)g (%)dmdru- (5.1)
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In an Apendix it is shown, that

<e‘2ik[Nq1§(71)+qu§(72)]>

Alg

47L'O'§

peak, length of which there is an order ~

represents rather narrow

. It is possible to expect, that this peak

O — figurative in reference to all functions under the sign of infegral in (5.1). The

ik(,bm;:_l_l ‘/Sn?_LZ)

requirement of it O — figurativeness in reference to function €
like:
| M

47[0'& lE.,

that with a major reserve is executed. Here L,

R

¢
<<2m, L, <<4n—=R=~R,

. . . . . . 2ik
emitters. The requirement of O — figurativeness in relation to function € l

looks

is a maximum size of a matrix of

(rql —rqz)

o

gives faint limitation in a reference steepness of a underlying surface: kg << 27 —=.

g

Remaining functions under the sign of integral in (5.1) are essential more slowly

varied. Thus, we have:

ik('bm _ﬁn )?J_l

N
2| (7
Fa)=4 e ® k@) g(——'—Lél—) "
S)

. .[ < eZik[(qu—quf(ﬁ))—(rqz—quf(?z))]> V@) || _Ves@) .
| Ny Ny L
S1

. N} I}
1222 e Pm=P)fL ——5 =5 2 .2 N2 o \2

n AL > |e R e No29%|qy 2§NJ2' |K](\;)’ g(%] dr| ~.
871‘0‘5 S, lg Nq q

122‘2 i (pm—ﬁn)r_l_
~ 85 7 le R Io(7 )dr| (5.2)
o

dry




1

We have obtained a Fourier transform of function

2 2
Nt K
qu 262

¢l

+g§N_i .K(?)|2 2

IO(FL)=e 2 )

o
g(R) (5.3)

As shown in [7], Io(7| ) is an optical image of micro rough object, which is obtained

in a natural light with the help of a standard optical instrument. Let's underline, that it
differs from an image [1(7] ) (5.4), obtained by a Fourier-telescope at the super-large
receiving aperture.

Let’s investigate now fluctuation of F,,,. For this purpose we calculate

2
<,an Iz> - K F,, >’ . In an Apendix the relevant evaluations are done and the following

outcome is obtained:

2,2
2 2 | EA L. . v e
Eoin|” )= (B~ = 3 _[ j h(AL =71 oL o(Fro)dndh )
87og
181
(5.4)
We should be interested with relative quantity of fluctuation of F,,,,, :
2 2
(1Pl ) =1
MTmn = 2 .
()
Using (5.2) and (5.4), we obtain:
[ 8L =PI FLolo(Fuo)dFdr
S S
N = = (5.5)

N 2

£ fe R LFE)R
Sy
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For an estimation of this quantity we shall assume at first, that the aperture A is small

2p2
. In this case

also sizes of the target less of a resolution element Stg <<

h(7); —Flz)wAz and m,, matters about unites.. It evidences about strong

fluctuations F,

"un » SO the concrete realization of F,,is random also unpredictable. Let's

assume, that the aperture A4 is large and there are many elements of a resolution are

stacked on the target:

S 2p2
~ ——2-t—§— >>1, o A MR (5.6)
\2R?/4 S
Thus h(7| 1 —F|p) ~ R2A4-5(F|1 —F|2) and we obtain:
R2A2 J' 12 (7 ),
S
M= + 5 (5.7)

ik(ﬁm "':Bn )?J_
A Ie R Io(f’l)df_]_
Sy

2p2

From here it is visible, that at 4 >> Ny <<1.It means, that F,,, practically do

1g
not fluctuate and are  equaled medial: F,, N(an>. Thus, at execution of a
requirement (5.6) output signals of a Fourier-telescope F,,, represent Fourier-

components of an image of the target, this image I,(p,) is expressed by the formula

(5.3) and represents the usual image obtained with the help of a standard optical

instrument in a natural light.

6. Reception of a field with matrix of spaced telescopes.



It was above established, that the size of the receiving aperture of a telescope for

forming images should obey to usual Rayleigh measure:

where M is number of a resolution elements, stacked in square of the target. However
for usual telescopes the requirement of high optical quality of a receiving mirror adds to
this requirement. In the Fourier - telescopy the receiving telescope appears as a collector
of an energy, and any key requirements to quality of a mirror is not showed. Therefore
for the Fourier - telescopy rather actual is represented idea to synthesize the large
receiving aperture from the small spaced apertures. The problem of a precise coherent
bringing together of light beams from the spaced telescopes here does not exist.

Let’s assume, that the illuminated power receives by K telescopes with the

identical entering apertures A4, placed on terrain in points &,, n=1,.,K . Let's

designate a pupil functions of telescopes A(p — gn) Let's note a received field (2.7)

in the reduced form:

B

lPul”
UG~ [e  *F ®F, .
S

The received power is equal:
_ % ) ,
P@)=Y [4(p-F)\U(p.0f dp= 61)
k=1 _

) e -
S F1—F . ry1—=r
gt | K 7 PTL1~712)

= | [oG.00"Fi.0e
N k=1

2 2
_l-kr_l_l_rJ_Z = =
= I I®(7L1’t)q)*(?l2’t)e 2R uo(——-——k(}llR F12)

S1 81

)G(F.Ll —Flp)dF | dF iy

RSN [4p-8e R dpdridFis =
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ol
, where E = J- e R dp is a point spread function of the aperture A,
4
K ik;:—%
G(? )= Ze R is alattice factor of receiving telescopes. If receiving telescopes

spaced  in nodes of a square lattice with a pitch d., then

27 .,
K —rag

6(F)=Yelr . 62)
k=1

where L, =——, dj — an integer vector. The function (6.2) is periodic with a period
r

L

in two directions. At enough major K it looks like a narrow peak, concentrated

2 (k (FL1=712)

r

above a site 0, = —1—<’1 The function 1 7 )G(f’]_l — 7| 5) is equivalent to

2

apoint spread function of the uniform major aperture 4 if K = — and L, exceeds
Ly

enough size of the target (that under the sign of integral (6.1) there was only one peak

of function G(F|] —7|5) ). Thus, if the linear size of the target is /,,, having filled

AR
square A by small telescopes with distance between them d, <—— we obtain for the
g
Fourier telescopy the same effect, as an energy is received by one major telescope
with the aperture 4.

7. Method of phase closure and influence of temporal unstability of illumination.

The method of phase closure allows to eliminate of unknowns initial phases of
emitters and thus to save a problem of their special phasing. For implementation of a

method of phase closure it is necessary, that the adjacent emitters were shifted from each
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other on d or on an axes X, or on an axes ) (not simultaneously). The examples of
configurations of matrixes of emitters are shown in a fig. 4.

Let a signal X,,,(¢) (3.3) from m — th and 7 —th emitters is selected. Let's
consider that m <7 and that path from emitter p,, to emitter P, pass through
emitters P,,.1sPms2s-Pp_1- Simultaneously signals from neighboring emitters

X (@), k=m+1..,n, are received. As it was shown in Point 3 signals
(k-Dk

X,y () have form:
2_ 2
—l'k—pm—_&-i-Zik(p n—P, m)
X, 0)=U,@U.({the 2R mmE
where F,,, are expressed by the formulas (3.4) and under particular requirements

represent Fourier transforms of the image of the target. The phase closure method

X -y (®) '

consists in a multiplication of all =m+1,...,n, and closing of

the obtaining product by multiplication on X :m (). Thus is obtained

®
Y ()= X (k-1k
" kl;[+l ‘X(k 1k (f)’

4 2z
—i q)('_(ak '"Zik—l)j
2O e )

_L” (@ —

After temporary smoothing we obtain:’

—i Z ("‘(“k"ak 1))
F(zn a,, —a ) 7.1

Yo = [T (Ot =V e £ L =dy) |

where ®(f)=argF(f), V,, (7.2)
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As d — dp_y =(£1,0) or (0,£1) only two phases
27 2n . .
oa=0 T’O , Bp=@ O’T are  presence in expression (7.1). Let's assume

¥ =(a, B). Itis easy to see, that

L 2T ., . .
Z (I)(Tn (ak - ak—l)] = Y(am - an) . (7.3)
k=m+1

From obtained expressions follows:
(G, —d 2n . .
Ymn = ane W@ —an )F(‘z—(dm —-a, )) (74)

If to put V,, =V =const, the quantities Y, represent in the pure state Fourier-

mn

components with a phase, proportional frequency. At image reconstruction we receive:

27
2np \ —P(FL-Y)
_7_‘11)6 L P

~ 1 . .

Thus, the restored image appears shifted on a vector ¥, that is unessential for the

research of an inner pattern problems and of the image recognition.
It is essential to mark, that as a result of phase closure phase fluctuations of
signals were purely eliminated. It is valid for high-stable signals, space length of

which is well exceed the size of target. In particular it relate to chirp with
parameters 10 MHz/psec.

As it is visible from expression (7.4), amplitude fluctuations of a signal at phase
closure completely are not cancelled, that is exhibited available of random factors V,,,
at the Fourier coefficients. However in a case T,Af >>1, where 1; is a illumination
pulse duration, the temporal smoothing is equivalent to a statistical average and we
obtain: V,,, ~ <an> ~ const, i.e. the amplitude stability does not influence on the
Fourier - telescopy process.

Generally in case of partial coherent signals the output signals X, (),

obtained by Fourier-telescope, will look like:
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kpm pn +20(P g ~P )
X @) =0, "0, @he ~ 2% " TTF, 0,
lk’n ’fz i P11 =Pnl12)
Where F,,,()= | [e R uf, —Fip)x
SJ_ S_]_
y 1—-an(71) 1_Vq§(72) e (A ALICH S RS RGN
gl Nq2
xvm{t'— 2(pq + Pag +rql):|v;[t’— 2(pq + Pmg +rq2)}<
c c .
W TR I it
x K(n)K (Vz)g(—R"J ( 2 Jdmd”u (7.6)

Here functions U n(t") represent a slow part of amplitude U, (¢'), and

vm(t’ B 2(pq +Png rql)

j~ quick fluctuations . Usually Vv(f) approximate by
C

. . . . . Cct )
stationary stochastic process with time of correlation T. Thus /, = ? there is a length

of a coherence of illumination.

2(pq t Prg +r‘11)i| and v*[l" - z(pq + Pmg +r‘12)]

The functions v,,| ¢ —
C c

cannot be taken out from under the sign of an integral because of presence of a delay

2r

—4 . Most important in the practical ration there is the case, when AfyT >>1, where
c

Af, is abandwidth of filters selecting frequency ®,,,. Thus the smoothing realized

after phase detection, practically will reduce to average of a signal. If the signals, emitted

different emitters are independent, we receive: V,, (tl )vn (t2 ) RV, (t1 ) vV, (t 2 ) =0.
From here follows, that between signals emitted by the different emitters, rigid
correlation should exist. It is possible in case the emitters feed from one generator and

the optical paths from the generator to emitters are sustained identical within the
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accuracy of lengths of a coherence of the generator. Thus we have:

v, (1) = v, () =v(t) also we obtain:

J_2 i k(meu -Pnf12)

Fr®~F®= | e R ufy —Fip)x
S, Sy
|1 VoSt |, V,£(r2) o2l Nt N el
qu qu
va{t,_ 2(pg +pag + rql)}v:[t’— 2lpg + Py + qu)}(
c c
- * ¥ * v —_ —
x K(r)K (rz)g(%)g (—Jl}%‘)d"ud’lz = (7.6)
" _L1 fz (Pmm Pnfia)
R P —_
I je u(Fy —Fp)
NN
|1 V,E(#) . V&) o2k (r1~N 1 &) (g2 -N 28] y
qu qu

: pnq_pmq+r1_rq2 N * 7_1_ * FJ_Z - g
x| 2 . K@K (7)g| =t |g7| == |dF,dF i,
c R R
For physical estimations we approximate correlation function Y(Af) by

_(A?
gaussian function: Y (Af) ~ € 27" Thus we obtain:

(Prmg —Png)’ 2 .2 n .o
B B S _ap T BaFii—Palis)

F,@)~e 20e I Je K K u(Fyy —Fip)x
‘ 55

N2
v e V.EGR) {sz }(r qz)—("”ﬂ?) (N B+ N2 (R))
X 1_ q 1_ q c c X

Ny,

N,
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I 4 r .
xK(R)K (%,)g (—M )g " [—lz ]d’lld” 12 (7.7)
R R
Now we conduct an average on &(7) according to a procedure explained in an

Appendix. Let's obtain: t

(pm —Pn )2 3 -3 YW
<an(t)>zA8 5 € ¢ Je — X
TCG& S, \/1 1 _IE_N-L
2 2 aAr2
(241,)? o} N

272 2272
1 liNJ‘ 20');Nq

1+ 2
2 2,2 o
X e (2kl;)" o Ng (l_i_ 4 NJZ_] g( j dl’ (7.8)
2 N2) N, (R
If the target is on a vertical axes, S0 P, = 0, we obtain:
2kl o c? N2
22 G Bl LN E’{“—f—%]
lgk sz gV l& Nq
(Frn @) A== je
8nog ¢ 5 O'ENZ
1 1+ (2kl,)* ——+
| ENT
2(kl,)?
G2N2
1+(241,)2 25 :
xe fe N ( j dr, . (7.9)
Nq R

From (7.9) it is visible, that the image will register in this case

2(k,)? 5
T cg[Hog Ni}

q

I,(F)=@€ eMt ( ) .
1+ (2K,)? 29N
12N

3

(7.10)
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This image differs from (7, ) (5.3). In particular, it depends on length of a coherence

of radiation /.. At major [, it go to J((7| ). And, /, should not be especially major:

¢
K, >>l—~10, I,>>M\.
§

However it is very strong on a form of the obtained image renders inclination of a
sight line in a case, when the target is not on a vertical. As it is visible from expression
(7.8) the signal from a pair of emitters, the difference of optical paths from which in a
direction to the target is comparable to length of a coherence of radiation., fades.

Therefore angle of deflection of an optical axes from a vertical should obey to an

, [
inequality: Sino. <<—=, where L, — a maximum size of a lattice of emitters.
t

8. Image reconstruction and estimation of its quality.

The secondary signal processing in the Fourier — telescopy consists in image

reconstruction on signals F,, . Let requirements formulated in the previous section are

carried out, and F,,, are proportional with the Fourier — components of image (7))

of the target:

Fn:n ~ II(FJ_)e K

. (5m _ﬁn);:l - —
i Pm PnTL _
’ dF = F(k(p—"}e‘-’—ﬁ). ®.1)

Let's suggest, that the emitters are disposed in nodes of a rectangular lattice with step d,

i.e. in points with position vectors dd,,, where d,,, m=0,...,N, are integer vectors.

Then the quantities [, are proportional with the Fourier - components on frequencies

multiple to , Where

L=""—. (8.2)
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The area of an integration in (8.1) natural restricted to sizes of the target. Formally it is

possible to take it of any greater size. If distance between emitters d is small enough,

thus a maximum linear size of the target ltg <L, then area of an integration in (8.1)
. can be restricted to quadrate L x L. Then it is possible on coefficients (8.1) with the
help of a Fourier series to restore the image periodically repeating on a plane with period

L in two directions without superposition of periodically repeating duplicates.. The

accuracy of restoring is defined by number used the Fourier -components. Let set of

5. -3
(N + l)2 quantities F' ((p—mRP_E_)_) contains Fourier-components

2np) .
F (-—ﬁ], peG, (8.3)
L
where G is some two-dimensional set of integer points. The restored image looks like:
2mi

~ . 1 2np \ —P"

I(r)=——ZF—P—eL (8.4)
L’ ; L |

peG

The degree of proximity of functions T (7) and I(7) characterizes a resolution

capability of a Fourier-telescope defining Fourier-components  (8.3). It is easy to
see, that
17 = [[6F-Fi1F)ar, 8.5)
1« 2
where G(r)= I3 Ze L. (8.6)
peG
2

The function G(7) looks like a peak, concentrated above a site by a size G = v where

M — number of points in a set 7, i.e. number the Fourier — components used for image
reconstruction. From here follows, that the linear resolution capability of Fourier-

telescope O is equal:

:
Sk

(8.7)
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Let’s remark now, that the set of (N + 1)2 of quantities

m

kP, —p 2na
F *n ~F [——-(—me—p") contains different Fourier-components A and many
from them are doubled including multiply. As any process of measuring is accompanied
k =
by noise, the output signals of Fourier-telescope F,;n ~F [——SB’"R—F)")) are measured

with errors. From here follows, that the backup of the Fourier coefficients should be used
for increasing of accuracy of image reconstruction. Taking into account expression (5.2)

we can write:

2 - -
F!* STCGé F =F k(pm _pn))_*_g
mn l )\‘2 R mn >

where measurement errors &, we consider independent and Gaussian. From this the

following algorithm for optimum image reconstruction I(7, ) on output signals £}, can

be obtained:

LGnBn |2
> N = jl(rl)e R df/| =min.
m,n=0
Varying on /(7| ), we obtain the equation:
2 ;
27§ 2ni,. .
N —_am( L —711) N 7 aman )7L
[1E) Y diy = Y Fyne , (8.8)
m=0 m,n=0

where d,, is integer position vector of m —th emitter. It is possible to enter

characteristic function of m — th emitter 5[k ~d,, ], representing infinite matrix with

unity in a point of standing of m — th emitter and zero in remaining points.
Equation (8.8) will be copied as:
2

jf(rll)ZA(k)e o) di = Y Fpel " 69
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— N —-
where A=Y o[k -a,) (8.10)
m=0

is a characteristic function of all transmitting matrix of emitters representing an infinite
matrix with unites in points of standing of emitters and zero in remaining points.

Conversing (8.9) by the Fourier, we receive:

(G )e—%ﬁldf _ ! }ZVZF’*S[ﬁ —d,-p,  (@&1D)
. 1 1 C(ﬁ) m’nzomn m n— Pl .

where

- - N . . N
C(5)= Y ABAG-5)= Yl -a, bk - 5-3a,]= Y08[a, -, - pl3.12)
k

m,n=0 m,n=0

is a number of pairs of emitters, the vector of distance between which is equal p. The

sense of expression (8.11) is very prime: the total of quantities F,,';, , representing the

—

27
same Fourier coefficient F' (——1—;—’2—) , is divided on total number of such F,;:l, i.e. for

image reconstruction the average Fourier coefficients are used.

From (8.11) the following algorithm of image reconstruction implies:

1 @13;1 1 N
IF)==Y el ~—— YE*§a,-a, - pl. (8.13)
r ;Z“G O 2yt~

Let's calculate statistical properties of the restored image. First calculate average value.
Using (5.2) it is easy to receive:

2
1 —Pry 1 N *
JFE)== > el " ——= > (FpmPld, —d, - B]=1,(7). @19
> L2 ﬁEG C(p) m’n=0< mn>6 " "
Thus, the recovered image on the average is equal I, (7)) (5.3).

Let’s calculate correlation function of the restored image. We have:
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2mi
. - - - - 1 —(pF11-G712)
B(”u,’lz)=<1(’11)I(’12)>—<I(’11)><I(’12)>=7 del e x (8.15)
5.5€G

> [< Vi)~ (Fon Fé)k[ém—an—ﬁ]s[ak—a,—a]=

C(P)C(‘J) mm,k,1=0

27

Z —(pm qu.z

L4 5520 C(p)C(q) ,[ _[ h(AL = Fo Mo (FLi) o (Fl5) %

lam-aory-@u-aiig] e ol
X Ze ES[am —a, - P]S[ak — Gy - G|rdr) drl, ~
m,n,k,[=0

=1 * - =t =1 Il 2 =t =t gt
A I j G(r, —711)G (”lz—’lz)lH(”u"lz)‘ k(7 — P ) o (P 1o (Pl )dr|,drF

Sy SJ.

We shall consider a case, when the aperture A4, is great enough and it is possible

to consider A#(A7,) as &— figurative in relation to functions under the integral (8.15).

It is easy to note, it is necessary that diameter of the receiving aperture v A

considerably exceed a maximum linear size of a matrix of emitters L,: VA >>L;.In

this case:
L. MR,
B(7y1,715)~ Iy (7). (8.16)
2mp
i
where G@r )= ZZ L : (8.17)

From here we discover a relative variance of fluctuation of luminosity of the restored
image (contrast):
B(rL,rl) A2REN? Lf
> .
(1(@) AL 4

(8.18)
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2
At =L <<1 C <<1, 1i.e. the image not fluctuates and is equal to average value.

Except for contrast of the important property of the image is the medial size of
spots d . The medial square of a spot can be evaluated under the formula:
d ~ IB (FL15712)dr ) N ! R*» 4
¢ & — — ~ ~ N —
B(7yy,711) N oL

242

3, (8.19)

is element of a resolution.

where O =

In paper [7] the uniform measure of quality of the image in a coherent light
equals to a relative variance of correlation of the medial image and its random

realization was entered:

({oeolen-uenf)
ey |
RUICC G- CREN Ty

T]:

— > (8.20)
- \2 ;-
{RI (7)) dF, }
The substitution in this formula of expressions (8.13) for <I 7, )> and (8.14) for
B(¥1,7|5) gives:
AR 1
~ ~—, (8.21)
48, M
Where M = —£ is number of elements of a resolution on the target.

Let’s consider the problem on an optimum configuration of emitters. From a
disposition of emitters it is required, that at their given number the greatest number the
Fourier — components should be obtained. For matching different configurations by this

measure we use the formula (8.12), which gives number the Fourier — components with

frequency p:
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C(p)= L AK)A(k - P). (8.20)
k

The formula (8.20) shows, that number the Fourier - components with frequency p
equal to number of self-intersections of a configuration of emitters at its shifted ona
vector p.In fig. 4 the variants of filling of a frequency plane for configurations

figured in fig. 5 are figured. In the Table 2 the amounts of emitters for each of

surveyed configurations providing the same number M of the Fourier coefficients are

represents.
Table 2.
Configuration amount of emitters
Y-figurative ~13M
L-figurative ~1.4 \/—M_
[1-figurative ~1.5VM
O - figurative ~1.8VM
+ Figurative 29 m
From the table it is visible, that the Y-configuration is most ~ favorable, and
the +-configuration is least favorable. For providing of the same quality of image

reconstruction it is required in Y-configurations 1.5 as many emitters as in

+ -configuration.

9, Inference and conclusions.

In paper the following outcomes are obtained.

1. The quality of the image obtained by the Fourier - telescopy method is determined by

two factors: by a size of the receiving aperture both size and number of emitters of a
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transmitting matrix. For deriving the images with given number of elements of a

resolution the size of the receiving aperture A should obey to usual Rayleigh measure:

A’R?

>> S

Ie. the necessary number of Rayleigh elements of a resolution should be stacked on
object. However in a case the Fourier — telescopy the receiving telescope appears as a
collector of an energy and there is not showed any special requirements to optical
quality of a mirror of a telescope . In particular a large receiving aperture can be

implemented with the help of spaced small telescopes. The small telescopes should

: L . AR :
place in nodes of a grid with a pitch d,, < — and fill in square A4.
ig

2. The transmitting matrix can be implemented as two or several bars of emitters

located in nodes of a grid with a pitch d < M For a possibility of embodying of a
1g

phaée closure method each following emitter of bar should be disposed in adjacent on X

or y anode of a grid. The element of a resolution at image reconstruction equal to

AR

d*M

N — number of emitters. The configuration of a matrix of emitters should be such to

, where M is number of different Fourier-components. M ~ N 2, where

O~

provide maximum number of different Fourier-components. Were explored Y-, L-, I-, O-
and + figurative configuration. The greatest number of Fourier-coefficients has appeared

N2 N2
for Y-figurative configuration ~ ﬁ and least for +- figurative ~ ——2— .

3. At embodying the formulated requirements on sizes of receiving and

transmitting of the apertures it is possible to receive the image given by expression (5.3):

(%)

Such image receives by a standard optical instrument in a natural light.

N} kg
- 2 2
Ng 20% 1_,__075NJ2_ ‘K(I’)}
2
l& Nq N‘I

2
L7 )=e
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4. The temporal stability of illumination practically does not influence on quality
of the recovered image. The slow temporal stability is cancelled as a result of the
procedure of phase closure, the fast temporal stability, bound with a partial coherence of
illumination, averages at signal processing.

In this paper we have not touched problems, bound with moving of the target

and presence of Doppler shift of frequency. Besides the work of a Fourier-telescope

“on the remote space target, as a rule, carries at low levels of signals in conditins of the

score of quantum. A research of process the Fourier — telescopy in these requirements
represents major interest. These problems nor have found reflectings in this report. It is
desirable to prolong work on the Fourier - telescopy in these directions. At last, the
theoretical researches are bound to making of mathematical models frequently requiring
of experimental inspection. Making an experimental bench on the Fourier - telescopy and

holding of laboratory experiments therefore is desirable.
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Apendix.

Calculation of <an > Agrees (4.1):

2 2 . .
rL-r Fi1—Ppt
_p T o Bwfi pn.J.Z)

<an>= J. _[e k K u(F_Ll_F_LZ)X
S 81
<l Vﬁ(ﬁ)][l _ Vqﬁ(Fz)J <ezik[(rq1—qug(fl))—(rqz—qug(fz))]>x
q1 No2
X K(?l)K*(Fz)g(%]g*(%)dﬂldaz. A1)

Since §(7) is Gaussian we have:

<e— 21k (N1 &) - NZq&(fz))> o~ 2E°GE (N, + N3y = 2N, Nogh 7, 7))

J— ~
—_ ~

~ o~ Mo (1-b(, 7))

~

(A.2)

B(ﬁ;’é)

—==_ We have taken advantage of
B(7#,7)

Here is designated: 0'% =B(¥,r), b(#,r)=

that radius of correlation of micro unevennesses &(7) is rather small in comparison with

reference scales of a relief of a underlying surface. Let's suggest that G g >> A . In this

assumption the function (A.2) is rather acute the peak concentrated in limits of locally

flat site of a underlying surface. In limits of this site it is possible to enter orthogonal
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coordinate system ,v. We use for analytical estimations Gaussian approximation of
correlation function:

(=) ? H(uy-vp)?

. - 212
b(7 (uy,vy), 7 (1y,v,)) ~ € ¢ : (A.3)

Thus the function (A.2) can be approximated as follows:

(41 -v1)* +(uy -v7)?
212

<e— 2ik[qu&(7(u1,vl))—N2q§(7(u2,v2))]>ze— 4kZG§N12q(1_e £ ) N
_ 4k252N2 (”1 ~ V1)2 + (”2 "Vz)2
£ 'g ]2
xe 5 (A.4)

Supposing 7 =7, + [i+u + V-V, we can obtain:
(Vg =V 6G))Nag = Vo EG)) = NygNog +

[ R 5 5

L2 CBGR) o TBOE) | OBAR) | (2 O°BEA)
T ouou, 17 ouov, 9 ovou, T v,

| 2 2
= NygNpg + B, ) ué[—(”‘l—”’z?——+1]—2uqvq CILEYY "2>+v2[_—("1 "),

4 72 4 q 4
lg l;’ lg lg
- (H (uy—uy) +v (Vl—Vz))z M2+V2
=quN2q+B(r1:rZ) - ) l4 ! + ql2 1=
3 3
o Wy —u) v, =v)f N
=quN2q +B(r1,r2)(—( 1 2 7z 21 72 )2 + IZL . (A.5)
3 3 ‘

Let's mark, that the function (A.4) is O —figurative in relation to function (A.4).

Character length of a peak of function (A.5), agrees (A.3), makes / - Character length of
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l c
a peak of function (A.4) makes 2k—§——, that at i >>1 is much less. We suggest
()
3

also, that mikro unevenness are not resolved by the aperture A, i.e. the function (A.3) is

8 — figurative in relation to function u(7, ).

Using made estimations, we obtain:

J‘<62ik (rql -N,1&(R ))_(rq2 ~Ng2 5(72))]><<Nq1 - an(;;l ))(NqZ - ng(ﬁz)»dsz ~
S

2 2
2lk<].lq(u1 -u2)+\)q(v1 —VZ)) 4k2 qu ( u2) +(V1 ""V?.)

2
~ J.e 21§ X
S
Ui —uU))+v (v 1%
X N1gNog + B(#,7)| = (Hq( 1 ~t) q(l 2))2 NJ' duydv, =
ik
12}\/2 "_2_‘_2 G2 2
N e N0 [1+—§N—; : (A.6)
87'5(5'§Nq Z& Nq
Substituting (A.6) in (A.1) we obtain:
i
(Fn) =5 1o (F1).- (A7)
8750@

Calculation <anF o > . We have:

2 2 2 .2 .
lk’u"u ‘Q3+’L4+.kpmm‘Pnuz'Pku3+Pl’¢4)

< F}cl> ””e K | K ulFiy —Fio u" (Fis - 7ia)

SSSS
s« o2 7273 +704) < o 2H W ER) N2 £(2)-Nga (7 )+Nq4§(74))> y (A8)

x (V1 =V EGD) N2 =V EENNga = V&)W = ¥ ,EGD)) %
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- * ,oa * . r * r * 3 r
x K(R)K (r;)K (r3)K(r4)g( ;1 )g [ ;2 )g ( }L; jg( ;4 )d51d52d53d54

Having taken advantage that &(7) is Gaussian, we obtain:

<e— Zik(qua(m—qu&@)—N3q&<f3>+N4qa(f4>)>

2 _2{ar2 2 2 2
'—Zk G&(qu +N2q +N3q +N4q)x

o= M NigNagh(Fi.75) = Ny Nagh (R 7) + Nyg Nagh (7))
o K2 (Nog Nsgb (7, 7) = Ny Noghy o) = NsgNagh . 7))

= (A.9)
This function has two peaks with single maxims on diversities # =7#,, 7# =7, and
A =7, F,=Tr,. These peaks are rather acute, practically 6 — figurative. Therefore

function (A.8) can be represented as the total of these peaks. For analytical estimations it
can be used Gaussian approximation of peaks similar (A.3) |

For approximating of a peak in an environ of a diversity 4 =7,, 73 =74,
let's assume 7, =7 +X, 74 =73+ ). Let's suggest, that the peak concentrated in the
field of small X and y in limits locally of flat sites of a underlying surface in an environ
of points 7},7;. Let's receive:

f(?'ls’_i +5Ea’73:’§ +5})=

_ RO N (LB R+ D)+ NG -0 7 + D]

o~ HCENI Ny bR, B) +b(R.7 + 5) + b + %,7) = b + 5,7 +5)]

2 2
— 4k*c}| N —x2 +NZ, P .

21} 217
= e X
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2 I
e 4k’c quN3q( b(#,7%)+b(A, 7+ y)+b(A +X,73) - b(# +X,7 +J’))
k2 N ‘1 ”2‘ + N2 |73"7’21|
lq 3q 2
215 21y
~ e (A.10)
For approximating of a peak in an environ of a diversity A=T, T©h=Tr,lets
assume 73 =F +X, 7, =7Fy+y. The peak concentrated in the field of small
X and y in limits of locally flat sites of a underlying surface in an environ of
points 7,7, . Let's obtain:
f(;'ia;é:;‘i + 5‘:37'2 +j;) =

—4k?} [ NE (1= B, 7 + 9)+ N, (1-b(7. 7, + 7)) '

— 42T Ny Ny (- b, 7y) + bR Fy + 3) + b(F 4 B) = b(F + .75 +5))

X

2 2
~ 4k N 2o+ N3, 2
21 21}

~ € X

4RGN Noy G 7) + B3 Ty + )bl T + D)= b+ E. 1 4 ) _

x e
_awot| g B pp [
g~ ~,2 2q 2
e (A11)
From here:
<e_ 2ik(Ny & R) ~ Nag(F) + Nag&(5) — Ny &y >)> - AR

=72 77,2 2 2| A2 ll ’3\ 2 [
_4k202[N12q'71 7| +N32q|’3 r;| J —-4k“cg| Nig N2q 5
N 21 21

e +ée

DN
N——

The substitution (A.12) in (A.8) gives:
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2 02 2 .2 .. L.
LTI 34T L Pml11 Pl g PR3P 714)

i)~ Ei) [ A P
SSSS
sz( a3 4Ty J)-4k20 2\ W2, A ;3| +N%q\r2;lzz4|2J
xXe X

(N D)V =V NN =V 8G) Vs - VG )

N B TR I 4 o7 r
x K(7)K " (7)K (r3)K(r4)g( }L; jg ( ;2 jg ( ;3 )g( ;4 ]d51d52d53d54'

ZZé

<anFk7> <sz> ” [ [, -Fir)e

SSSS
B P17y =By =B 1, ) )
xe R (Vo1 ~ v E@F (V2 -V, ) )
= 2l (7
x|K (7 K@) g(*ﬁj g(ﬁj dS,dS,dS3dS, ~
R R
_ _ N N3 B
, k(Pm Pk)r_j_lR(Pn PI)F|p lg,xz leq 202 lg_kz NZ 26&
~ ” (AL —7p)e — —5—
SRG&qu 87TG§N2q

A2, + (7 2P )2, + (7,860 P )+ 482 (7,5G)T 26 +

N - 2
= 2o Ll H2
g(Rjg(Rj
2 2

2 2
Ni| l& Ny l&
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2 2

ds,ds,

sl [ ) [ f Pz
g(Rjg(R]

We here have taken advantage of the formula:

<Vq§(71)vq§(?2)> B(fl,“z)[]\l’u (“q(u1 uz)-l*'V A vz))z]
s £

From here: <( &(r))2> & —S>N? 1.
§

Finally we obtain:

(FrunFit) = (o) Fir

N2, N?
7 73 7 B =POF11 =By P12 —[ lel +N22l ]202 o2 N2 o2 A
h(r -7 )e R e 1q 29 81+ & V1L 1+_§_
1L~ 712
8nc§ /

SS 1q
7 2 7 2
%) g(—;—l) g(%) ds,ds, + (A.13)
N? lgz
4 2 (Pm Pr—Py +Pl)”J_1 ——l—
T s q
Using the formula (5.3), we can write:
<anFk’;> - <an><FI:l> ~
1(527"2 (Pm —Pi)F 11— (P, —P1)T 9
~ 5 J- _[h(”u —”iz)e K To(7 1) o(FLp)dry,dr o
8noy s, S, |
37\‘41 A2 (Pm —Px =P, +PIT 1
je R I N 7. (A.14)

1287 S, {14_ E_,NJ_]

2
lé Nq
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Following outcome here is used:

i (g —m) + v =w)f) 3ot

~

[lan2 B(7, ) + 2B 7)* | 2 i
S 3 l&

It is easy to note, that second term in (A.14) neglectfully small in comparison with the

4 4
c oA
first term. Their ration varies from &2 at the small apertures A up to 3 at the
S,I R*NI;
Lt 3
large apertures. Therefore finally we have:
<anFI:}> - <an><Fk*l> ~ ’ (A.15)
22 2 T G DT
~ 2 .[ J-h(’?u —7h)e K Lo (Fu ) o (Fra )drdr .
&noc
§/ 8181
In particular we obtain:
2
272
2 2 IEX L . e N e
L 3 h(AL =712 o(FL1)o(F 2)dr | 147 o
87Ok
S181

(A16)
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Fig.4




41

Fig.5a. Fillness of friquency plane
at +-configuration
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Fig.5b. Fillness of friquency plane
at | |-configuration

}_j ENEER

Fig.5b. Fillness of friquency plane
at L-configuration
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Fig.5d. Fillness of friquency plane at
O-configuration
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Fig.5e. Fillness of friquency
plane at Y-configuration



